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∐
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Get Lie stuff

n-Truncation:
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{

Xk , if k ≤ n;

Xk/Xk+1, if k > n.

τn(Kan simplicial manifold) is a
n-groupoid! Canonical Extension
of Gloc

 G is given by

Gloc
 τ1(Kan(NGloc))

Problem: manifolds individually are
very nice, but they don’t form a
good category. careful: Quotient,
fibre product, limit, ...
τ1(Kan(NGloc)) in general is only a
topological groupoid.

To recover the local Lie structure,
we need

either, take stacky quotient 
a stacky Lie groupoid

G +3 M ,

or, take τ2(Kan(NGloc)) a
Lie 2-groupoid

X2
_*4 X1

+3 M .

They are equivalent under

Theorem (Duskin, [Z1])
Stacky Lie groupoids 1−1

←→
/∼

Lie

2-groupoids.
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Theorem

τ1(S(A)) ∼M.E. τ1(Kan(NGloc)) is
the universal topological groupoid.

Theorem
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the universal Lie 2-groupoid of A.

Kan(NGloc) comparing to S(A) is

1 piecewise finite dimensional,

2 still has strict multiplication:m :
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3 shows differentiation only
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G(A) := τ2(S(A))

∼M.E. τ2(Kan(NGloc))

Equivalent to

2 G(A) the universal stacky
groupoid of A.
Enrichment of

3 τ1(S(A)) ∼M.E.

τ1(Kan(NGloc)) the universal
topological groupoid of A.
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Proof.
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⇓

// B
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� � //

// //
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Connectedness
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The universal Lie 2-groupoid X (A)
has 2-connected source fibre.

i.e. the Lie groupoid s−1(x) = {

x } ⇒ { x } has π0 = π1 =
π2 = 1.
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Connectedness

Theorem

The universal Lie 2-groupoid X (A)
has 2-connected source fibre.

i.e. the Lie groupoid s−1(x) = {

x } ⇒ { x } has π0 = π1 =
π2 = 1.
Reason why it’s true Let G be the
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//
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Now
The source fibre is a 1-groupoid
(=differential stack, rather than a
0-groupoid=manifold). We should
expect higher covers! E.g. S2 in
this world

BZ→ S̃2 → S2

S̃2 = S3 ×R⇒ S3 with π≤2S̃2 = 0.
:(



Connectedness

Theorem

The universal Lie 2-groupoid X (A)
has 2-connected source fibre.

i.e. the Lie groupoid s−1(x) = {

x } ⇒ { x } has π0 = π1 =
π2 = 1.
Reason why it’s true Let G be the
universal Lie group of g, then

1conn cover

G̃

OO
O�
O�
O�

//
G

⇑universal

oo

univ. prop. of G ⇒ � � //
= id

univ. prop. of 1-c.c.⇒ = id_?oo

Now
The source fibre is a 1-groupoid
(=differential stack, rather than a
0-groupoid=manifold). We should
expect higher covers! E.g. S2 in
this world

BZ→ S̃2 → S2

S̃2 = S3 ×R⇒ S3 with π≤2S̃2 = 0.
:( No homotopy theory of gpds ):
Hence can’t use it as a proof. The
proof is a direct verification.
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