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Introduction

A General phenomenon we have is
that when we have a global object,
say a group G, it has its
corresponding local object G'°¢ a
local group, and infinitesimal object g
a Lie algebra.
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source and target s,t : G; = Gg

multiplication G; xg, G1 — Gy

identity, inverse

satisfy usual coherence
conditions (e.g. associativity)
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A groupoid consists
m Gg space of objects e .
m G, space of arrows ¢ e
m source and target s,t : G; = Gg

m multiplication G; xg, G1 — Gy

m identity, inverse

m satisfy usual coherence
conditions (e.g. associativity)
A Lie groupoid is a groupoid whose
Gg, G, are manifolds, all structure
maps are smooth, and t, s are
surjective submersions.



A groupoid consists A local Lie groupoid Gloc - Gllo(::>
m Go space of objects o o Gge only has local multiplication:
m G; space of arrows ¢ < e m 3 an neighborhood V of G in

Glfc s.t.V X G \Y m, Glfc
Nerve of a groupoid NG

m source and target s,t : G; = Gg
m multiplication G; xg, G1 —= Gy

° PammaN ° PlammaS °
S X3:Gl X Gy Gl X Gy Gl
m identity, inverse VY A4
AN AN
m satisfy usual coherence X2 =Gy Xg, G1 o _o o
conditions (e.g. associativity) Viv Ad .
. P . Xl = Gl [ ] [ ]
A Lie groupoid is a groupoid whose Wb
Go, G1 are manifolds, all structure Xo = Go e o

maps are smooth, and t, s are
surjective submersions. Similarly, NG'°c.



Simplicial objects

A local Lie groupoid G'°¢ : Gl°=

G only has local multiplication: X

m 3 an neighborhood V of G{° wg’m
in GI° s.t. V xg, V = GI°. M

2
Nerve of a groupoid NG "
X1
G1 X, G1 Xg, G1 WA
YVvy Aaa Xo
G1 X, G1 o::io
Yy A
G, o/-\o
w4
GO ° (]

Similarly, NG'°¢.

Simplicial manifold X



Simplicial objects

A local Lie groupoid G'°¢ : Gl°=

Simplicial manifold X
G only has local multiplication:

; loc X3 0‘23
® 7 an neighborhood V of Gj wm
in GI° s.t. V xg, V = GI°. X, A =
Nerve of a groupoid NG ) OMZ ’ TTI
Xl 0~ 1 0~ 1
Gl XGO Gl XGO Gl s
VIV AA A Xo oo
G1 X, G1 *_.* _* Example: simplical simplex A[n]
AL . A[n]k := {k-dim faces in an n-
Gy ¢ dim simplex. }
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Simplicial objects

Simplicial manifold X
1 SRV AN
)ﬂ(lf’m 0‘23 A[1,1] A[1,0] A[2,2] A2,1] A[2,0] A[3,3] A3.2] .
X2 A=
i M
Xl 0~ 1 0~ 1
WA
Xo oo

Example: simplical simplex A[n]
Aln]k := {k-dim faces in an n-
dim simplex. }
simplical horn A[n, 1]
Aln,l]x :={k-dim faces in an
(n,j)-horn. }
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Simplicial objects

Simplicial manifold X

e LAY
3 0‘23 A[1,1] A[1,0] A[2,2] A2,1] A[2,0] A[3,3] A3.2] .
WTT ) . hom(A[n], X) = X,

X2 A, = hom(A[2, 1], X) = X1 xx, X1

Ul M —

A
Wt Kan condition: horn filling 3 or 3!

Xo )

Kan(m,j): hom(A[m], X) —
hom(A[m,j],X) is a
surjective submersion.

Kan!(m,j): hom(A[m], X) —
hom(A[m,j],X) is an
isomorphism.

Example: simplical simplex A[n]
Aln]k := {k-dim faces in an n-
dim simplex. }
simplical horn A[n, 1]
Aln,l]x :={k-dim faces in an
(n,j)-horn. }
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m %\12\

Definition

Kan condition: horn filling 3 or 3!
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isomorphism.
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Definition T @
Kan condition: horn filing 3or 31 X = NG« X satisfies all Kan(m. j)
Kan(m,j): hom(A[m],X) — and Kan!(= 2,j).

hom(/\,[m’j]’x) is, i Definition (Duskin, Henrigues,
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hom(A[m,j],X) is an Lie n-groupoid: all Kan(m,j) and
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hom(A[n], X) = Xp ) !

hom(A[Z, 1], X) =Xz XX X1 /@\b\ 3 bO ({)bf) b

Kan condition: horn filing 3or 31 X = NG« X satisfies all Kan(m. j)
Kan(m,j): hom(A[m],X) — and Kan!(= 2,j).

hom(/\,[m’j]’x) is, i Definition (Duskin, Henrigues,
surjective submersion. Getzler)
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NG/ s NG = Kanification



Quillen’s small object argument

Kanification we fill all the horns
LAk, j] — X
Kan(2,2) Kan(2,1) Kan(2,0) ‘L ¢

¢ ! UATK] —x1
/a/@\\b\ g O%lb() b
X/\(%NZ . ab}h:’i:\h\z
\(gb_/ (@by
X = NG« X satisfies all Kan(m, j)
and Kan!(> 2,j).
Lie n-groupoid satisfies all

Kan(m,j) and Kan!(> n +1,j).
NG°® ~» NG = Kanification




Quillen’s small object argument

Kanification we fill all the horns
I—l/\[k?]] X hom(/\[k?]]?x ) —X

Kan(2,2) Kan(2,1) Kan(2,0) *L
Y y LA[K] x hom(A[K,j], X ) — X1
/a/@\\b\ 3 o%nbo b
X/((?j\l ) abahm\lz\z
a (ab)

X = NG« X satisfies all Kan(m, j)
and Kan!(> 2,j).

Lie n-groupoid satisfies all
Kan(m,j) and Kan!(> n +1,j).
NG'°¢ ~» NG = Kanification



Quillen’s small object argument

Kanification we fill all the horns
I—l/\[k?]] X hom(/\[k?]]?x ) —X

Kan(2,2) Kan(2,1) , *L
) UA[K] x hom(A[k,j, X ) —x1 .
/Q\b\ o %ﬁbﬂ 1" We obtain a sequence of simplicial
/:b,\ _— ~, objects
X = NG« X satisfies all Kan(m,j) X — Xt 5 x2. ..
and Kan!(> 2,j).
Lie n-groupoid satisfies all Then Kan(X) := colim XA,

Kan(m,j) and Kan!(> n +1,j).
NG°® ~» NG = Kanification



Quillen’s small object argument

Kanification we fill all the horns
LA, j] x hom(A[k,j], X#) — x#

Kan(2,2) Kan(2,1) *L
’ UA[K] x hom(A[K, j], X#) — x1+8,
/Q\b\ o %ﬁbﬂ 1" We obtain a sequence of simplicial
/:b,\ _— ~, objects
X = NG« X satisfies all Kan(m,j) X — Xt 5 x2. ..
and Kan!(> 2,j).
Lie n-groupoid satisfies all Then Kan(X) := colim XA,

Kan(m,j) and Kan!(> n +1,j).
NG°® ~» NG = Kanification



Quillen’s small object argument

Kan(2,2) Kan(2,1)
y
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X = NG« X satisfies all Kan(m, j)
and Kan!(> 2,j).

Lie n-groupoid satisfies all
Kan(m,j) and Kan!(> n +1,j).
NG'°¢ ~» NG = Kanification

Kanification we fill all the horns
LA, j] x hom(A[k,j], X#) — x#
b
UALK] x hom(ALk, j], X?) — x1+8.
We obtain a sequence of simplicial
objects

X - x5 x2. ..

Then Kan(X) := colim X4.
But Kan(X), is not necessarily a
manifold!



Quillen’s small object argument

ITAL. j] x hom(A[K, j], X #) —— x 7 Bl
Kan(G'°°) is a Kan simplicial
l l manifold.

L i
We obtain a sequence of simplicial crma
objects If X is Kan, Kan(X) ~uyg. X are
Morita equivalent.

Lemma

If X ~q.e. Y are Morita equivalent,
then Kan(X) ~u.e. Kan(Y).

X — Xt 5 x2. ..

Then Kan(X) := colim X .
Can'’t have Kan(X), necessarily a
manifold!



Properties of Kan(—)

Lemma

Kan(G'°°) is a Kan simplicial
manifold.

Lemma

If X is Kan, Kan(X) ~y . X are
Morita equivalent.

Lemma

If X ~y e Y are Morita equivalent,
then Kan(X) ~y.g. Kan(Y).

Calculation:

Kan(X)o = Xo

Kan(X); = X3 U Xg xx, X1 U (X1 xx,
X1 U (X1 Xxg X1) Xxg X1---) - oo,
Kan(X)z = Xo U X1 xx, X1

U hom(A[3,j],X) ...,

A

[ S S |

Kan(X). A\

...4 of them

‘\ 7 of them
F— N

Kan(X)1




Truncation

Calculation: n-Truncation:
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T =
Kan(X)1 = X1 U Xy xxo X1 U (Xaxxg "7 7 | Xee /X, ifk > 1.

XlLl(XlXxOXl)Xxoxl...)..., ) . ) )
Kan(X); = Xz L Xg xx, X1 (Kan S|_mpI|C|aI manifold) is a
) n-groupoid!
U hom(A[3,j],X) ...,
(1)

A
e A
Kan(X) A\ Abs A
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Calculation: n-Truncation:
Kan(X)o = Xo X) Xk, ifk <n;
Ty =

Kan(X)1 = X1 U Xy xxo X1 U (Xaxxg "7 7 | Xee /X, ifk > 1.
XlLl(XlXxOXl)Xxoxl...)..., ) . ) )
Kan(X)s = Xp U Xq xx. X mm(Kan simplicial manifold) is a

27 "2 =A% n-groupoid! Canonical Extension
U hom(A[3,j],X) ...,

of G/°¢ ~ G is given by
1)

G'¢ ~ 71(Kan(NG"®))
A [ S}
coeoe A
Kan(X) A\ Ao A

...4 of them ‘\ 7 of them
z— N

" =

Kan(X)1 R e mrar R
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Truncation

Calculation: n-Truncation:
Kan(X)o = Xo X) Xk, ifk <n;
T =
Kan(X)1 = X1 U Xy xxo X1 U (Xaxxg "7 7 | Xee /X, ifk > 1.

X1|_|(X1Xx Xl)XX Xi.oon)oon,
Kan(X); = ;( UX (; X ) (Kan simplicial manifold) is a

27 "2 AL X n-groupoid! Canonical Extension
LUhom(A[3,j], X) ..., of G'°¢ ~s G is given by

1)
- G'°¢ +s 71(Kan(NG'))
__A__. T Problem: manifolds individually are
A very nice, but they don’t form a
Kan(X)2 A AsA good category. careful: Quotient,
4 of them ‘\---”““em fibre product, limit, ...

m1(Kan(NG'°°)) in general is only a
Kan(X ), . . .—==—  topological groupoid.

L = oum

"= = o om



Get Lie stuff

n-Truncation:
o itk < To recover the local Lie structure,
ky | =n
(X = {X « e we need
k/ Xk, iFk>n. m either, take stacky quotient ~

(Kan simplicial manifold) is a a stacky Lie groupoid

n-groupoid! Canonical Extension
of G'°°¢ ~ G is given by m or, take »(Kan(NG'°®)) ~ a
Lie 2-groupoid

X2 —— Xl M -

g=—>M"

G'¢ ~ 71 (Kan(NG"®))

Problem: manifolds individually are They are equivalent under

very nice, but they don’t form a Theorem (Duskin. [Z1

good category. careful: Quotient, . 11 .
fibre product, limit, ... Sitzidiyy s ol etk </_N> =2
m1(Kan(NG'°)) in general is only a 2-groupoids.

topological groupoid.



Universal groupoids

To recover the local Lie structure,

we need > bigon(Xy)
m either, take stacky quotient ~~
a stacky Lie groupoid
G=—=M" VRN Xa( > M)

m or, take m»(Kan(NG'°¢)) ~» a
Lie 2-groupoid
Xo== X1 =—=>M"
They are equivalent under What is G? G is the universal

Theorem (Duskin, [Z1 stacky groupoid of A—Lie
stacky Lie groupoids L e algebroid of G'°°. 7;(Kan(NG'°°))
[/~ is the universal topological

2-groupoids. groupoid of A (Cattaneo+Felder,
Crainict+Fernandes).

stack §

uli space

d
top gpd < G(

M)

_—



simplicial set associated to A

Simplicial set S(A) associated to A

> bigon(X>) Sn(A) = Homgigq (T A", A),

|

VRN Xi(——=

stack 5

top gp andu“ space g(

What is G? G is the universal

stacky groupoid of A—Lie

algebroid of G'°°. 7;(Kan(NG'°°))

is the universal topological

groupoid of A (Cattaneo+Felder, Don't know whether it's a simplicial
Crainic+Fernades). manifold.




simplicial set associated to A

Simplicial set S(A) associated to A

3 bigon(X,) Sn(A) = Homaiga (T A", A),
u So(A) =M
VRN Xy ( ~M)
stack§

top gp andu“ space g(

What is G? G is the universal

stacky groupoid of A—Lie

algebroid of G'°°. 7;(Kan(NG'°°))

is the universal topological

groupoid of A (Cattaneo+Felder, Don't know whether it's a simplicial
Crainic+Fernades). manifold.




simplicial set associated to A

Simplicial set S(A) associated to A

S bigon(X>) Sn(A) = Homgigq (T A", A),
u So(A) = M
VRN X ( M) S1(A) = { a‘(/t) Eﬁ\ 2p(aft)) = ¥(t)}

stack§ V(t) €M
top gp andu“ space g( M) = mfd

What is G? G is the universal

stacky groupoid of A—Lie

algebroid of G'°°. 7;(Kan(NG'°°))

is the universal topological

groupoid of A (Cattaneo+Felder, Don't know whether it's a simplicial
Crainic+Fernades). manifold.



simplicial set associated to A

Simplicial set S(A) associated to A

S bigon(X>) Sn(A) = Homgigq (T A", A),
u So(A)=M
VRN Xa( M) S1(A) = { agt) € AV s p(a(t)) = (1)}
stacks A(t) e M
top gp andu“ space g( M) = mfd
S,2(A) = {a(e, t) : Ib(e, t),0.a — O;b
What is G? G is the universal Ty (o, 8),b(0,t) = b(1,t) =0}

stacky groupoid of A—Lie 27 Banach manifold
algebroid of G'°°. 7;(Kan(NG'°°))

is the universal topological Ss(A) =

groupoid of A (Cattaneo+Felder, Don't know whether it's a simplicial
Crainic+Fernades). manifold.



Different versions of integration

Simplicial set S(A) associated to A

Sn(A) = Homggq (T A", A),

So(A) =M

Si(A) ={ a(t) e A :p(a(t)) =~(t)}
'y(t) € I\jl

= mfd

S2(A) = {a(e,t) : Ib(e, t),0.a — ob
Tv(e,3),b(0,t) = b(1,t) =0}

7?7 Banach manifold
S3(A) = ...

Don’t know whether it's a simplicial
manifold.



Different versions of integration

Simplicial set S(A) associated to A

Sn(A) = Homggq (T A", A),

So(A) =M
o(A)

S1(A) ={ a‘(/t) ee‘ :p(a(t)) =A(t) 72(S(A)) ~m e m2(Kan(NG'©)) is
y(t) e M the universal Lie 2-groupoid of A.
= mfd
S2(A) = {a(e,t) : Ib(e, t),0.a — ob
Ty(a,8),b(0,t) =b(1,t) =0}
77 Banach manifold
S3(A) = ...

Don’t know whether it's a simplicial
manifold.



Different versions of integration
Simplicial set S(A) associated to A

71(S(A)) ~m.e. 1(Kan(NG'*®)) is

Sn(A) = Homagg (T A", A), the universal topological groupoid.

So(A) =M
|
SuA) ={al) €A = p(al) =31 (g (a)) my .. 7a(Kan(NG*) is
y(t) e M the universal Lie 2-groupoid of A.
= mfd

S2(A) = {a(e,t) : Ib(e, t),0.a — ob
Tv(e,3),b(0,t) = b(1,t) =0}

7?7 Banach manifold
S3(A) = ...

Don’t know whether it's a simplicial
manifold.



Different versions of integration

Simplicial set S(A) associated to A

71(S(A)) ~m.e. T1(Kan(NG'®)) is
the universal topological groupoid.

S1(A) ={ a‘(/t) 6'% :p(a(t)) =A(t) 72(S(A)) ~m e m2(Kan(NG'©)) is

Sn(A) = Homggq (T A", A),

So(A) =M

y(t) eM the universal Lie 2-groupoid of A.
= mfd Kan(NG'°) (1) comparing to S(A)
S2(A) = {a(e,t) : Ib(e,t), 0ca — aib piecewise finite dimensional,
Ty(a, B8),b(0,t) = b(1,t) =0} still has strict multiplication:m :
?7? Banach manifold Kan(NG'°°) x\ Kan(NG'°¢) —
S3(A) = ... Kan(N(_B'OC). (True also for its
truncations).

Don’t know whether it's a simplicial

manifold. shows differentiation only

need G'°°,



Different versions of integration

71(S(A)) ~me. m(Kan(NG)) js ~ Summary:
the universal topological groupoid. Universal Lie 2-groupoid of A,

B
7(S(A)) ~me. T2(Kan(NG'°)) is G(A) :=12(S(A))

loc
the universal Lie 2-groupoid of A. ~m.e. T2(Kan(NG™))

Kan(NG') comparing to S(A) is Equivalent to

G(A) the universal stacky
groupoid of A.
Enrichment of

piecewise finite dimensional,

still has strict multiplication:m :
Kan(NG'°) x\ Kan(NG'°¢) —

Kan(NG'®). (True also for its m1(S(A)) ~ME. _
truncations). 71(Kan(NG™°)) the universal

shows differentiation only topological groupoid of A.

need G'°¢,



Theorem (Lie Il, [Z2

Summary: A Lie algebroid morphism A — B
Universal Lie 2-groupoid of A, and any groupoid Gg of B, give
A— B~ G(A) — Gg
G(A) == 12(S(A))
~m.e. 72(Kan(NG'*?))

Equivalent to

a morphism of Lie 2-groupoids.

G(A) the universal stacky A B
. 4
groupoid of A. | |
Enrichment of G(A) ——=G**(B)—=
71(S(A)) ~mE. ~ -

m1(Kan(NG'°®)) the universal
. i [ |
topological groupoid of A.
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a morphism of Lie 2-groupoids.
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, 0
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. i [ |
topological groupoid of A.
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Universal Lie 2-groupoid of A, and any groupoid Gg of B, give
A— B~ G(A) — Gg
G(A) == 12(S(A))
~m.e. 72(Kan(NG'*?))

Equivalent to

a morphism of Lie 2-groupoids.

G(A) the universal stacky A B
. 4
groupoid of A. | |
Enrichment of G(A) ——=G**(B)=—=Cg
4
71(S(A)) ~meE. Kan(G'®°(A)) = Kan(Gg) -

m1(Kan(NG'°®)) the universal
. i [ |
topological groupoid of A.
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~m.e. 72(Kan(NG'*?))
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, 0
groupoid of A. | |
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G(A) the universal stacky A B
, 0
groupoid of A. | |
Enrichment of G¢(A) ——=G"°(B)=—=Gs
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T(S(A) ~we. 7,Kan(G'°¢(A)) ~ mKan(Gg % 7,Gg

m1(Kan(NG'°®)) the universal
. i [ |
topological groupoid of A.
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Summary: A Lie algebroid morphism A — B
Universal Lie 2-groupoid of A, and any groupoid Gg of B, give
A— B~ G(A) — Gg
G(A) == 12(S(A))
~m.e. 72(Kan(NG'*?))

Equivalent to
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G(A) the universal stacky A m B
groupoid of A. | |
Enrichment of G¢(A) ——=G"°(B)=—=Gs
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O



Theorem (Lie Il, [Z2

Summary: A Lie algebroid morphism A — B
Universal Lie 2-groupoid of A, and any groupoid Gg of B, give
A— B~ G(A) — Gg
G(A) == 12(S(A))
~m.e. 72(Kan(NG'*?))

Equivalent to
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groupoid of A. | |
Enrichment of G°(A) ——=G"*(B)—=Gs
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m1(Kan(NG'°®)) the universal rzKan(ﬁS (A)) > m2Kan(Gg) 72|(|BB
topological groupoid of A. G(A) Ge
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Connectedness

Theorem (Lie IL 122

A Lie algebroid morphism A — B

! _ The universal Lie 2-groupoid X (A)
and any groupoid Gg of B, give

has 2-connected source fibre.

A— B~ G(A) — Gp i.e. the Lie groupoid s71(x) = {
a morphism of Lie 2-groupoids. le} ={+r "~ }hasmg=m =
A m B

Go%(A) =z C(B) = G
U

mKan(G'°¢(A)) = mKan(Gg) = 7,Gg

I |
G(A) Gg
O



Connectedness

Theorem (Lie IL 122

A Lie algebroid morphism A — B The unjversal Lie 2-groupoid X (A)
and any groupoid Gg of B, give has 2-connected source fibre.

A — B~ G(A) — Gg i.e. the Lie groupoid s~1(x) = {
a morphism of Lie 2-groupoids. W xl} = {7 }hasmo=m =
2 =1

Reason why it's true Let G be the

universal Lie group of g, then
A m B 1conn cover

Go) GBI Gy |
U

G G

Tuniversal

mKan(G'°(A)) - 7.Kan(Gg} > 7,Gg

[ [ —
G(A) Gg
N =
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universal Lie group of g, then
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mKan(G'°(A)) - 7.Kan(Gg} > 7,Gg

I I univ. prop. of G = —= =id
G(A) Gg
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Theorem (Lie IL 122

A Lie algebroid morphism A — B The unjversal Lie 2-groupoid X (A)
and any groupoid Gg of B, give has 2-connected source fibre.

A — B~ G(A) — Gg i.e. the Lie groupoid s~1(x) = {
a morphism of Lie 2-groupoids. W xl} = {7 }hasmo=m =
2 =1

Reason why it's true Let G be the

universal Lie group of g, then
A m B 1conn cover

Go) GBI Gy |
U

G

Tuniversal

mKan(G'°(A)) - 7.Kan(Gg} > 7,Gg

I I univ. prop. of G = —= =id
G(A) Gg
[] univ. prop. of 1-c.c. = DO =id



Connectedness

The universal Lie 2-groupoid X (A)

has 2 ted fib Now
as -connected source fore. The source fibre is a 1-groupoid
i.e. the Lie groupoid s~1(x) = { (=differential stack, rather than a

%x V= { < }hasmo—=m = 0-groupoid=manifold). We should

mp=1. expect higher covers! E.g. S<in

Reason why it's true Let G be the this world
universal Lie group of g, then BZ _ §2 _, g2
lconn cover . .
? S? =83 x R = S3 with 7,S% = 0.
(

G =

Tuniversal

univ. prop. of G === = id

univ. prop. of 1-c.c. = DO=id



Connectedness

The universal Lie 2-groupoid X (A)
has 2-connected source fibre.

i.e. the Lie groupoid s~1(x) = {

@ = () hasmo=m =
mo = 1.

Reason why it’s true Let G be the
universal Lie group of g, then

1conn cover

]

G =

Tuniversal

univ. prop. of G === = id

univ. prop. of 1-c.c. = DO=id

Now

The source fibre is a 1-groupoid
(=differential stack, rather than a
0-groupoid=manifold). We should
expect higher covers! E.g. S?in
this world

BZ — S2 — S2

S2 = S8 x R = S3 with 7,52 = 0.
:( No homotopy theory of gpds ):
Hence can’t use it as a proof. The
proof is a direct verification.
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